Diffusion Equation:
Previously (Lect. 10, Problem Set 2) we derived the diffusion equation on the basis of a microscopic model for random walks. I now want to do a phenomenological derivation based on the continuity equation (Lect. 34).
Particle conservation requires:
where n is the particle density and j is the particle current. Suppose-for whatever microscopic reason--the dynamics of the system we are studying leads to a flow of particles down the concentration gradient:
The minus sign indicates that the net flow is from regions of high particle density to regions of low particle density. D is called the "diffusion coefficient" and may in general depend on local density, temperature, etc. Since these quantities may depend on ! r r ,t ( ) , D may have space-time dependence. Whether this dependence is important or not is something which must be examined for each case. In what follows, I will often make the simplifying assumption that it does not. Comment: When is D independent of position? NOT if density varies overall or if composition varies significantly. But, can be OK when: (a) When overall changes are small, so this is second-order effect. (b) In aqueous solution where solute mainly collides with water molecules; similarly in gases when one species is in substantial majority. Substituting into the continuity equation,
Thus, if D is independent of position,
If diffusion is the only process present, diffusion will lead to lead to a final equilibrium state in which particles are distributed uniformly over the entire volume available to the system. Approach to this final equilibrium state is exponential. You can already see what the characteristic time will be from the structure of the equation:
The generic problem is to start with an initial distribution 
which has its general solution,
Notice that
, there is a steady particle current from right to left flowing (if B>0), down the gradient. This is allowable as a steady state, provided there is a constant source of particles at the right and a sink at the left; however, it is not an equilibrium state.
Equilibrium requires not only that
It follows that the only possible equilibrium solutions are of the form
The value of A is determined by particle conservation:
Approach to equilibrium depends on
Example:
We can look for a solution to the diffusion equation of the form
The requirement that this solve the diffusion equation is This has the solution
$ m with the relaxation time
Note that his has the form required by the dimensional analysis above.
Thus, the full solution is
(solves diffusion eq+fits boundary cond.) x=0 x=L n(x,t) n eq n 0 (x) Note that the relaxation time gets shorter for larger m, i.e., for initial distribution 37.3 with shorter wavelength disturbance. Since the diffusion is a linear equation, you can build up a solution for any initial distribution by adding together and infinite series of terms of this type:
% m cos m&x L with the coefficients a m chosen to satisfy the initial condition. This is just a Fourier cosine series. What this shows is that each cosine mode dies out with its own decay time. The longest decay time is for m=1, so it is this mode (assuming that ! a 1 " 0) that determines the time to approach equilibrium.
Comment: Why can't you use the sine modes?
Answer:
. These modes carry current flowing into/put of the system at the boundaries.
Driven diffusion: Diffusion with drift:
If a force acts on the diffusing particles, then there is an additional term in the particle current We have already seen a term of this type when we dealt with the biased random walk way back at Problem Set 2. Suppose each particle, in addition to the collisions responsible for the diffusion, it subject to an
